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Strichartz inequalities for the Schro¨dinger equation
with the full Laplacian on H-type groups
Manli Song
Abstract
In this paper, we prove the dispersive estimates and Strichartz inequalities for the solution
of the Schro¨dinger equation related to the full Laplacian on H-type groups. This extends the
results obtained by G. Furioli and A. Veneruso [Studia Math., 2004, 160: 157-178] on the
Heisenberg group.
1 Introduction
The aim of the paper is to study the Stricharz estimates for the following Cauchy problem of
the Schro¨dinger equation related to the full Laplacian on H-type groups G:{
∂tu− iLu = f ∈ L1((0, T ), L2)
u|t=0 = u0 ∈ B˙12,2,
(1.1)
where G is the H-type group with topological dimension n and homogeneous dimension N , L
is its full Laplacian and the Besov spaces B˙ρq,r are defined by a Littlewood-Paley decomposition
related to L.
Strichartz estimates are very useful in the study of nonlinear partial differential equations.
These estimates in the Euclidean setting have been proved for many dispersive equations, such
as wave equation and Schro¨dinger equation (see [9, 14, 22]). To obtain Strichartz estimates, it
involves basically two types of ingredients. The first one consists in estimating the decay in time
on the evolution group associated with the free equation (i.e. f = 0). The second one consists
of abstract arguments, which are mainly duality arguments.
Many authors have also been interested in adapting the well known Strichartz estimates from
the Euclidean setting to a more abstract setting, such as the Heisenberg group and the H-type
groups. In 2000, H. Bahouri, P. Ge´rard and C.-J. Xu [1] discussed the Strichartz estimates with
the sublaplacian on the Heisenberg group, by means of Besov spaces defined by a Littlewood-
Paley decomposition related to the spectral of the sublaplacian. In their work, they showed such
estimates existed for the wave equation while failed for the Schro¨dinger equation. To avoid the
particular behavior of the Schro¨dinger operator on the Heisenberg group, the sublaplacian was
been replaced by the full Laplacian (see [6, 7]). Later, Strichartz estimates were addressed on
general H-type groups (see [10, 19, 20]), but they only considered Besov spaces related to the
sublaplacian. In a recent paper [16], H. Liu and M. Song have proved the Strichartz inequalities
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for the wave equation with the full Laplacian on H-type groups. Thus, it is natural to wonder
whether such estimates also remain true for the corresponding Schro¨dinger equation.
Our purpose is to show that the Schro¨dinger equation related to the full Laplacian on H-type
groups is also dispersive. In comparison with [10], the full Laplacian does not have the homoge-
neous properties, which involves some technical difficulties. Furthermore, in those groups, only
the Heisenberg group has a one dimensional center. Let p be the dimension of the center on
H-type groups. In this paper, we only consider those groups with p > 1, which makes the issue
become very complicated.
It is well-known that the solution of the non-homogeneous equation (1.1) is given by the sum
u = v + w where
v(t) = eitLu0
is the solution of (1.1) with f = 0 and
w(t) =
∫ t
0
ei(t−τ)Lf(τ) dτ
is the solution of (1.1) with u0 = 0.
We can now state the main results of the paper. We first give the sharp dispersive estimate
on the free solution.
Theorem 1.1 If v is the free solution of the Schro¨dinger equation (1.1), then
||v(t)||L∞(G) ≤ C|t|−p/2||u0||B˙n−1
1,1
,
and the result is sharp in time.
In comparison with the results for the Schro¨dinger equation in [7] and [10], we have obtained
an improvement on the time decay, respectively due to the replacement of the full Laplacian
and the bigger size of the H-type group center.
We also get a very useful estimate on the solution of the Schro¨dinger equation.
Theorem 1.2 For i = 1, 2, let qi, ri ∈ [2,∞] and ρi ∈ R such that
a)
2
qi
= p(
1
2
− 1
ri
);
b) ρi = −(n− 1)(1
2
− 1
ri
),
except for (qi, ri, p) = (2,∞, 2). Let q′i, r′i denote the conjugate exponent of qi and ri. The
solution of the Cauchy problem (1.1) u satisfies the estimate
||u||Lq1 ((0,T ),B˙ρ1r1,2) ≤ C
(||u0||L2(G) + ||f ||Lq′2 ((0,T ),B˙−ρ2
r′
2
,2
)
)
,
where the constant C > 0 does not depend on u0, f or T .
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2 H-type groups and spherical Fourier transform
2.1. H-type groups. Let g be a two step nilpotent Lie algebra endowed with an inner
product 〈·, ·〉. Its center is denoted by z. g is said to be of H-type if [z⊥, z⊥] = z and for every
s ∈ z, the map Js : z⊥ → z⊥ defined by
〈Jsu,w〉 := 〈s, [u,w]〉, ∀u,w ∈ z⊥,
is an orthogonal map whenever |s| = 1. An H-type group is a connected and simply connected
Lie group G whose Lie algebra is of H-type.
Given 0 6= a ∈ z∗, the dual of z, we can define a skew-symmetric mapping B(a) on z⊥ by
〈B(a)u,w〉 = a([u,w]), ∀u,w ∈ z⊥.
We denote by za the element of z determined by
〈B(a)u,w〉 = a([u,w]) = 〈Jzau,w〉.
Since B(a) is skew symmetric and non-degenerate, the dimension of z⊥ is even, i.e., dimz⊥ = 2d.
We can choose an orthonormal basis
{E1(a), E2(a), · · · , Ed(a), E1(a), E2(a), · · · , Ed(a)},
of z⊥ such that
B(a)Ei(a) = |za|J za
|za|
Ei(a) = |a|Ei(a)
and
B(a)Ei(a) = −|a|Ei(a).
We set p = dimz. Throughout this paper we assume that p > 1. We can choose an orthonor-
mal basis {ǫ1, ǫ2, · · · , ǫp} of z such that a(ǫ1) = |a|, a(ǫj) = 0, j = 2, 3, · · · , p. Then we can
denote the element of g by
(z, t) = (x, y, t) =
d∑
i=1
(xiEi + yiEi) +
p∑
j=1
sjǫj.
We identify G with its Lie algebra g by exponential map. The group law on H-type group G
has the form
(z, s)(z′, s′) = (z + z′, s+ s′ +
1
2
[z, z′]), (2.1)
where [z, z′]j = 〈z, U jz′〉 for a suitable skew symmetric matrix U j, j = 1, 2, · · · , p.
Theorem 2.1 G is an H-type group with underlying manifold R2d+p, with the group law (2.1)
and the matrix U j , j = 1, 2, · · · , p satisfies the following conditions:
(i) U j is a 2d× 2d skew symmetric and orthogonal matrix, j = 1, 2, · · · , p;
(ii) U iU j + U jU i = 0, i, j = 1, 2, · · · , p with i 6= j.
Proof. See [2].
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Remark 2.1 It is well know that H-type algebras are closely related to Clifford modules (see
[17]). H-type algebras can be classified by the standard theory of Clifford algebras. Specially,
on H-type group G, there is a relation between the dimension of the center and its orthogonal
complement space. That is p+ 1 ≤ 2d (see [12, 13]).
Remark 2.2 We identify G with R2d ×Rp. We shall denote the topological dimension of G by
n = 2d + p. Following Folland and Stein (see [4]), we will exploit the canonical homogeneous
structure, given by the family of dilations{δr}r>0,
δr(z, s) = (rz, r
2s).
We then define the homogeneous dimension of G by N = 2d+ 2p.
The left invariant vector fields which agree respectively with ∂∂xj ,
∂
∂yj
at the origin are given
by
Xj =
∂
∂xj
+
1
2
p∑
k=1
(
2d∑
l=1
zlU
k
l,j
)
∂
∂sk
,
Yj =
∂
∂yj
+
1
2
p∑
k=1
(
2d∑
l=1
zlU
k
l,j+d
)
∂
∂sk
,
where zl = xl, zl+d = yl, l = 1, 2, · · · , d.
The vector fields Sk =
∂
∂sk
, k = 1, 2, · · · , p correspond to the center of G. In terms of these
vector fields we introduce the sublaplacian ∆ and full Laplacian L respectively
∆ = −
d∑
j=1
(X2j + Y
2
j ) = ∆z +
1
4
|z|2S −
p∑
k=1
〈z, Uk∇z〉Sk,
L = ∆+ S,
(2.2)
where
∆z = −
2d∑
j=1
∂2
∂z2j
,S = −
p∑
k=1
∂2
∂s2k
,∇z = ( ∂
∂z1
,
∂
∂z2
, · · · , ∂
∂z2d
)t.
2.2. Spherical Fourier transform. The spherical functions associated to the Gelfand pair
(G,O(d)) (we identify O(d) with O(d)⊗ Idp) have been computed in [3] and [15]. They involve,
as on the Heisenberg group, the Laguerre functions
L(α)m (τ) = L
(α)
m (τ)e
−τ/2, τ ∈ R,m, α ∈ N,
where L
(α)
m is the Laguerre polynomial of type α and degree m.
We say a function f on G is radial if the value of f(z, s) depends only on |z| and s. In the
sequel, we denote by Srad(G) and Lqrad(G),1 ≤ q ≤ ∞, the spaces of radial functions in S(G)
and Lp(G), respectively. In particular, L1rad(G) endowed with the convolution product
f1 ∗ f2(g) =
∫
G
f1(gg
′−1)f2(g
′) dg′, g ∈ G
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is a commutative algebra.
Let f ∈ L1rad(G), and we define the spherical Fourier transform by
F(f)(λ,m) = fˆ(λ,m) =
(
m+ d− 1
m
)−1 ∫
R2d+p
eiλsf(z, s)L(d−1)m (
|λ|
2
|z|2) dzds.
A straightforward computation implies that F(f1 ∗ f2) = F(f1)F(f2). As in [10], we also
deduce the corresponding Fourier inversion formula.
Proposition 2.1 For all f ∈ Srad(G) such that∑
m∈N
(
m+ d− 1
m
)∫
Rp
|fˆ(λ,m)||λ|ddλ <∞,
we have
f(z, s) = (
1
2π
)d+p
∑
m∈N
∫
Rp
e−iλsfˆ(λ,m)L(d−1)m (
|λ|
2
|z|2)|λ|d dλ, (2.3)
the sum being convergent in L∞ norm.
Moreover, if f ∈ Srad(G), then Lf ∈ Srad(G) and its spherical Fourier transform is given by
L̂f(λ,m) = ((2m+ d)|λ|+ |λ|2)fˆ(λ,m).
The full Laplacian L is a positive self-adjoint operator densely defined on L2(G). So by the
spectral theorem, for any bounded Borel function h on R, we have
ĥ(L)f(λ,m) = h((2m + d)|λ|+ |λ|2)fˆ(λ,m).
3 Homogeneous Besov spaces
We shall recall the homogeneous Besov spaces given in [16]. Let R be a non-negative, even
function in C∞c (R) such that suppR ⊆ {τ ∈ R : 12 ≤ |τ | ≤ 4} and∑
j∈Z
R(2−2jτ) = 1, ∀τ 6= 0.
For j ∈ Z, we denote by ψj the kernel of the operator R(2−2jL) and set ∆jf = f ∗ ψj. As
R ∈ C∞c (R) , A. Hulanicki [11] proved that ψj ∈ Srad(G) and
ψˆj(λ,m) = R(2
−2j((2m+ d)|λ| + |λ|2)).
By [5] (see Proposition 6), there exists C > 0 such that
||ψj ||L1(G) ≤ C, ∀j ∈ Z. (3.1)
By standard arguments (see [5], Proposition 9), we can deduce from (3.1) that
||Lγ/2∆jf ||Lq(G) ≤ C2jγ ||∆jf ||Lq(G), γ ∈ R, j ∈ Z, 1 ≤ q ≤ ∞, f ∈ S ′(G), (3.2)
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where both sides of (3.2) are allowed to be infinite.
By the spectral theorem, for any f ∈ L2(G), the following homogeneous Littlewood-Paley
decomposition holds:
f =
∑
j∈Z
∆jf in L
2(G).
So
||f ||L∞(G) ≤
∑
j∈Z
||∆jf ||L∞(G), f ∈ L2(G), (3.3)
where both sides of (3.3) are allowed to be infinite.
Let 1 ≤ q, r ≤ ∞, ρ < N/q, we define the homogeneous Besov space B˙ρq,r as the set of
distributions f ∈ S ′(G) such that
||f ||B˙ρq,r =
∑
j∈Z
2jρr||∆jf ||rq
 1r <∞,
and f =
∑
j∈Z
∆jf in S ′(G).
We collect all the properties we need about the spaces B˙ρq,r in the following proposition.
Proposition 3.1 Let q, r ∈ [1,∞] and ρ < Nq .
(i) The space B˙ρq,r is a Banach space with the norm || · ||B˙ρq,r ;
(ii) the definition of B˙ρq,r does not depend on the choice of the function R in the Littlewood-Paley
decomposition;
(iii) for −Nq′ < ρ < Nq , the dual space of B˙ρq,r is B˙−ρq′,r′;
(iv) for α ∈ [n,N ], we have the continuous inclusion
B˙ρ1q1,r ⊂ B˙ρ2q2,r,
1
q1
− ρ1
α
=
1
q2
− ρ2
α
, ρ1 ≥ ρ2;
(v) for all q ∈ [2,∞], we have the continuous inclusion B˙0q,2 ⊂ Lq;
(vi) B˙02,2 = L
2;
(vii) for θ ∈ [0, 1], we have
[B˙ρ1q1,r1 , B˙
ρ2
q2,r2 ]θ = B˙
ρ
q,r,
with ρ = (1− θ)ρ1 + θρ2, 1q = 1−θq1 + θq2 , and 1r = 1−θr1 + θr2 .
We omit the proof of the proposition which is analogous to Proposition 3.3 in [6].
4 Technical lemmas
To obtain Strichartz estimates, it involves estimating the decay in time on the Schro¨dinger
operator. By Fourier inversion formula (2.3), we may write such operators explicitly into a sum
of a list of oscillatory integrals. In order to estimate the oscillatory integrals, we shall recall the
stationary phase lemma that will be the central argument.
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Lemma 4.1 (see [21], Corollary, p.334) Let g ∈ C∞([a, b]) be real-valued such that
|g′′(x)| ≥ δ,
for any x ∈ [a, b] with δ > 0. Then for any function h ∈ C∞([a, b]), there exists a constant C
which does not depend on δ, a, b, g or h, such that∣∣∣∣∫ b
a
eig(x)h(x) dx
∣∣∣∣ ≤ Cδ−1/2 [||h||∞ + ∫ b
a
|h′(x)| dx
]
.
In order to prove the sharpness of the time decay in Theorem 1.1, we describe the asymptotic
expansion of oscillating integrals.
Lemma 4.2 (see [21], Proposition 6, p.344) Suppose φ is a smooth function on Rp and has a
nondegenerate critical point at x0. If ψ is supported in a sufficiently small neighborhood of x0,
then ∣∣∣∣∫
Rp
eitφ(x)ψ(x) dx
∣∣∣∣ ∼ |t|−p/2, as t→∞.
Next, we will need some estimates of the Laguerre functions:
Lemma 4.3 (see [10], Lemma 3.2)∣∣∣∣(τ ddτ )kL(d−1)m (τ)
∣∣∣∣ ≤ Ck,d(2m+ d)d−1/4, (4.1)
for all 0 ≤ k ≤ d.
Remark 4.1 In fact, for 0 ≤ k ≤ d− 1, we have a better estimate∣∣∣∣(τ ddτ )kL(d−1)m (τ)
∣∣∣∣ ≤ Ck,d(2m+ d)d−1.
Furthermore, we will exploit the following estimates, which can be easily proved by comparing
the sums with the corresponding integrals:
Lemma 4.4 Fix β ∈ R. There exists Cβ > 0 such that for A > 0 and d ∈ Z+, we have∑
m∈N
2m+d≥A
(2m+ d)β ≤ CβAβ+1, β < −1; (4.2)
∑
m∈N
2m+d≤A
(2m+ d)β ≤ CβAβ+1, β > −1. (4.3)
Finally, we introduce the following properties of the Fourier transform of surface-carried
measures.
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Theorem 4.1 (see [18], Theorem 1.2.1) Let S be a smooth hypersurface in Rp with non-
vanishing Gaussian curvature and dµ a C∞0 measure on S. Suppose that Γ ⊂ Rp \ {0} is
the cone consisting of all ξ which are normal of some point x ∈ S belonging to a fixed relatively
compact neighborhood N of supp dµ. Then,(
∂
∂ξ
)α
d̂µ(ξ) = O
(
(1 + |ξ|)−M) , ∀M ∈ N, if ξ 6∈ Γ,
d̂µ(ξ) =
∑
e−i(xj ,ξ)aj(ξ), if ξ ∈ Γ,
where the (finite) sum is taken over all points x ∈ N having ξ as a normal and∣∣∣∣( ∂∂ξ
)α
aj(ξ)
∣∣∣∣ ≤ Cα(1 + |ξ|)−(p−1)/2−|α|.
We shall need the following properties of the Fourier transform of the measure dσ on the unit
sphere Sp−1. Obviously, d̂σ is radial. By Theorem 4.1, we have the radical decay properties of
the Fourier transform of the spherical measure.
Lemma 4.5 For any ξ ∈ Rp, the estimate holds
d̂σ(ξ) = ei|ξ|φ+(|ξ|) + e−i|ξ|φ−(|ξ|),
where
|φ(k)± (r)| ≤ ck(1 + r)−(p−1)/2−k, for all r > 0, k ∈ N.
5 Dispersive estimates
First we prove the weak time dispersion which concerns the Littlewood-Paley functions ψj
defined in Section 3.
Proposition 5.1 There exists a constant C > 0, which depends only on d and p, such that for
any ρ ∈ [n− 1, N − 2], j ∈ Z and t ∈ R∗ = R\{0} we have:
||eitLψj ||L∞(G) ≤ C|t|−1/22jρ.
Proof. Fixing t ∈ R∗, j ∈ Z and (z, s) ∈ G, by the Fourier inversion formula, we have
eitLψj(z, s) = (
1
2π
)d+p
∑
m∈N
∫
Rp
e−iλseit((2m+d)|λ|+|λ|
2)
×R (2−2j ((2m+ d)|λ|+ |λ|2))L(d−1)m ( |λ|2 |z|2)|λ|d dλ
= (
1
2π
)d+p
∑
m∈N
Im,
where
Im =
∫
Rp
e−iλseit((2m+d)|λ|+|λ|
2)R
(
2−2j
(
(2m+ d)|λ|+ |λ|2))L(d−1)m ( |λ|2 |z|2)|λ|d dλ, (5.1)
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and our assertion simply reads∑
m∈N
|Im| .
{ |t|−1/22j(2d+p−1), j > 0
|t|−1/22j(2d+2p−2), j ≤ 0.
Putting δ = st and M = 2m+ d, we first integrate (5.1) on R
+, then
Im =
∫
Rp
eit(M |λ|+|λ|
2−λ·δ)R
(
2−2j(M |λ|+ |λ|2))L(d−1)m ( |λ|2 |z|2)|λ|d dλ
=
∫
Sp−1
Iǫ,m dσ(ǫ),
where
Iǫ,m =
∫ +∞
0
eit(Mλ+λ
2−λǫ·δ)R
(
2−2j(Mλ+ λ2)
)
L(d−1)m (
λ
2
|z|2)λd+p−1 dλ.
Performing the change of variable x = 2−2jMλ, we obtain
Iǫ,m = 2
j(2d+2p)Kǫ,m,
where
Kǫ,m =
∫ +∞
0
eit2
2jGj,σ,ǫ,m(x)hj,z,m(x) dx. (5.2)
Here,
Gj,δ,ǫ,m(x) = x+
22j
M2
x2 − ǫ · δ
M
x,
hj,z,m(x) = R(x+
22j
M2
x2)L(d−1)m (
22j−1x|z|2
M
)
xd+p−1
Md+p
.
So
supp hj,z,m ⊆ {x ∈ R+ : 1
2
≤ x+ 2
2j
M2
x2 ≤ 4} = [aj,m, bj,m],
where
aj,m =
1
1 +
√
1 + 22j+1M−2
, bj,m =
8
1 +
√
1 + 22j+4M−2
.
Note that
aj,m, bj,m ∼ min(1, 2−jM). (5.3)
For x ∈ [aj,m, bj,m], we have
G′′j,δ,ǫ,m(x) =
22j+1
M2
. (5.4)
Moreover, by Lemma 4.3 and (5.3), one can easily verify that
||hj,z,m||L∞[aj,m,bj,m] + ||h′j,z,m||L1[aj,m,bj,m] .
{
M−(p+1), M ≥ 2j ,
2−j(d+p−1)Md−2, M < 2j .
Applying Lemma 4.1, we obtain a consistent estimate
|Kǫ,m| .
{ |t|−1/22−2jM−p, M ≥ 2j ,
|t|−1/22−j(d+p+1)Md−1, M < 2j .
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Hence, we have
|Im| .
{ |t|−1/22j(2d+2p−2)M−p, M ≥ 2j ,
|t|−1/22j(d+p+1)Md−1, M < 2j . (5.5)
Noting that p > 1, for j ≤ 0, ∑
m∈N
|Im| . |t|−1/22j(2d+2p−2). For j > 0,
∑
m∈N
|Im| . |t|−1/22j(2d+p−1)
follows from (5.5) by applying Lemma 4.4 separately to the sums
∑
M≥2j |Im| and
∑
M<2j |Im|.
Remark 5.1 If we integrate (5.1) first over Sp−1, we have
Im =
∫ +∞
0
d̂σ(λ|s|)eit(Mλ+λ2)R(2−2j(Mλ+ λ2))L(d−1)m (
λ
2
|z|2)λd+p−1 dλ.
Performing the change of variable x = 2−2jMλ, we obtain
Im = 2
j(2d+2p)
∫ +∞
0
eit2
2j (x+ 2
2j
M2
x2)d̂σ(
22j |s|x
M
)hj,z,m(x) dx. (5.6)
It follows from Lemma 4.5 that
Im = (2π)
p/2
∑
±
I±m, (5.7)
where
I±m = 2
j(2d+2p)
∫ +∞
0
e
it22j
(
x+ 2
2j
M2
x2±
|s|
Mt
x
)
φ±
(
22j |s|
M
x
)
hj,z,m(x) dx.
From Lemma 4.3, Lemma 4.5 and (5.3) one can verify that∣∣∣∣∣∣∣∣φ±(22j |s|M · )hj,z,m
∣∣∣∣∣∣∣∣
L∞[aj,m,bj,m]
+
∣∣∣∣∣∣∣∣ ∂∂x(φ±(22j |s|M ·)hj,z,m)
∣∣∣∣∣∣∣∣
L1[aj,m,bj,m]
.
{ |s|−(p−1)/22−j(p−1)M−(p+3)/2, M ≥ 2j ,
|s|−(p−1)/22−j(d+3(p−1)/2)Md−1, M < 2j .
Exploiting Lemma 4.1, we obtain
|I±m| .
{ |t|−1/2|s|−(p−1)/22j(2d+p−1)M−(p+1)/2, M ≥ 2j ,
|t|−1/2|s|−(p−1)/22j(d+(p−1)/2)Md−1, M < 2j . (5.8)
To improve the time decay, we will try to apply p times a non-critical phase estimate. We
will exploit the following estimates for the derivatives of hj,z,m.
Lemma 5.1 For any x ∈ [aj,m, bj,m], 0 ≤ l ≤ d, we have
|h(l)j,z,m(x)| .
{
M−(p+θl), M ≥ 2j
2−j(d+p−l−1)Md−l−θl−1, M < 2j ,
where θl =
{
1, 0 ≤ l ≤ d− 1
1/4, l = d
.
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Proof. Recall that
hj,z,m(x) = R(x+
22j
M2
x2)L(d−1)m (
22j−1x|z|2
M2
)
xd+p−1
Md+p
.
By an induction we get
h
(l)
j,z,m(x) =
∑
α∈F
A(l, α)R(α1)(x+
22j
M2
x2)(1 +
22j+1
M2
x)α2(
22j+1
M2
)α3
×
[(
x
d
dx
)α4
L(d−1)m
]
(
22j−1x|z|2
M2
)
xd+p−α5−1
Md+p
.
where F = {α = (α1, · · · , α5) ∈ N5 : α1 = α2 + α3, α1 + α3 + α5 = l, α4 ≤ α5}.
Applying Lemma 4.3 and (5.3), Lemma 5.1 comes out easily.
Now we can prove the sharp time dispersion, which is a big improvement on the time decay
in Proposition 5.1.
Proposition 5.2 There exists a constant C > 0, which depends only on d and p, such that for
any j ∈ Z and t ∈ R∗ we have:
||eitLψj||L∞(G) ≤ C|t|−p/22j(n−1).
Proof. From Proposition 5.1, it suffices to prove the case |t| > 1. Without loss of generality,
we can assume that t > 1.
For j > 0, recall from (5.2) that
Kǫ,m =
∫ +∞
0
eit2
2jGj,δ,ǫ,m(x)hj,z,m(x) dx,
where
G′j,δ,ǫ,m(x) = 1 +
22j+1
M2
x− ǫ · δ
M
, (5.9)
and
G′′j,δ,ǫ,m(x) =
22j+1
M2
. (5.10)
We divide N into three (possible empty) disjoint subsets:
A1 = {m ∈ N :M ≥ 2j , |δ| . M},
A2 = {m ∈ N :M ≥ 2j , |δ| & M},
A3 = {m ∈ N :M < 2j}.
Then our assertion reads: ∑
m∈Al
|Im| . t−p/22j(2d+p−1), l = 1, 2, 3.
For l = 1, by (5.9), we obtain
|G′j,δ,ǫ,m(x)| & 1, for any x ∈ [aj,m, bj,m]. (5.11)
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The phase function G′j,δ,ǫ,m(x) for Kǫ,m has no critical points on [aj,m, bj,m]. By Q−fold inte-
gration by parts, we get
Kǫ,m = (it2
2j)−Q
∫ +∞
0
eit2
2jGj,δ,ǫ,m(x)DQhj,z,m(x) dx, (5.12)
where the differential operator D is defined by
Dhj,z,m(x) =
d
dx
(
hj,z,m(x)
G′j,δ,ǫ,m(x)
)
.
By a direct induction, we have
DQhj,z,m =
2Q∑
k=Q
∑
α1+2α2=k
C(α, k,Q)
h
(α1)
j,z,m(G
′′
j,δ,ǫ,m)
α2
(G′j,δ,ǫ,m)
k
,
with α = (α1, α2) ∈ {0, 1, · · · , Q} × N.
The estimates (5.10) and (5.11) yield
||DQhj,z,m||∞ . sup
0≤α1≤Q
||h(α1)j,z,m||∞.
Applying Lemma 5.1, for all 0 ≤ Q ≤ d, we obtain
||DQhj,z,m||∞ . sup
0≤α1≤Q
||h(α1)j,z,m||∞ . M−(p+1/4), (5.13)
which yields the trivial estimate
|Kǫ,m| . M−(p+1/4). (5.14)
Moreover, it follows from (5.3), (5.12) and (5.13) that, for any 0 ≤ Q ≤ d, we get a uniform
estimate (with respect to ǫ ∈ Sp−1)
|Kǫ,m| . (t22j)−QM−(p+1/4). (5.15)
Interpolating (5.14) and (5.15), we get that for all 0 ≤ θ ≤ d
|Kǫ,m| . (t22j)−θM−(p+1/4).
Since p ≤ 2d− 1, we have (p+ 1)/2 ≤ d. Hence, let θ = (p+ 1)/2,
|Kǫ,m| . t−p/22−j(p+1)M−(p+1/4).
Finally, the desired estimate holds∑
m∈A1
|Im| . t−p/22j(2d+p−1)
∑
m∈N
M−(p+1/4) . t−p/22j(2d+p−1).
For l = 2, the estimate (5.8) yields
|I±m| . t−p/22j(2d+p−1)M−p.
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Then it follows from (5.7) that∑
m∈A2
|Im| . t−p/22j(2d+p−1)
∑
m∈N
M−p . t−p/22j(2d+p−1).
For l = 3, when |δ| & 2j , the estimate (5.8) yields
|I±m| . t−p/22jdMd−1.
Thanks to (4.3), we have∑
m∈A3
|Im| . t−p/22jd
∑
M<2j
Md−1 . t−p/222jd . t−p/22j(2d+p−1).
When |δ| . 2j , the estimate
|G′j,δ,ǫ,m(x)| &
2j
M
, (5.16)
holds for any x ∈ [aj,m, bj,m].
According to Lemma 5.1, for any 0 ≤ α1 ≤ d
||hα1j,z,m||∞ . 2−j(d+p−1)
(
2j
M
)α1
Md−5/4. (5.17)
It implies the following trivial estimate
|Kǫ,m| . 2−j(d+p−1)Md−5/4. (5.18)
Furthermore, analogous to the case r = 1, (5.10), (5.16) and (5.17) yield, for any 0 ≤ Q ≤ d
|DQhj,z,m| .
2Q∑
k=Q
∑
α1+2α2=k
|h(α1)j,z,m||G′′j,δ,ǫ,m|α2
|G′j,δ,ǫ,m|k
. 2−j(d+p−1)Md−5/4.
We can also obtain a uniform estimate
|Kǫ,m| . (t22j)−Q2−j(d+p−1)Md−5/4. (5.19)
Interpolating (5.18) and (5.19), for any 0 ≤ θ ≤ d
|Kǫ,m| . (t22j)−θ2−j(d+p−1)Md−5/4.
Let θ = p/2,
|Kǫ,m| . t−p/22−j(d+2p−1)Md−5/4.
Finally, because of (4.3) and p ≥ 2, the desired estimate holds∑
m∈A3
|Im| . t−p/22j(d+1)
∑
M<2j
Md−5/4 . t−p/22j(2d+3/4) . t−p/22j(2d+p−1).
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For j ≤ 0, recall from (5.6) that
Im = 2
j(2d+2p)
∫ +∞
0
eit2
2jϕj,m(x)Hj,z,s,m(x) dx,
where
ϕj,m(x) = x+
22j
M2
x2,
Hj,z,s,m(x) = d̂σ(
22j |s|x
M
)hj,z,m(x).
First we obtain a trivial estimate
|Im| . 2j(2d+2p)M−(p+1). (5.20)
We will discuss it in the following cases.
Case 1.
22j |s|
M ≤ 1. In this case, we will exploit the vanishing property of the Fourier transform
of the spherical measure at the origin. One can easily get from Lemma 4.5 that for any k ∈ N,∣∣∣∣ ∂k∂xk
(
d̂σ(
22j |s|x
M
)
)∣∣∣∣ ≤ ck. (5.21)
Analogous to r = 1 when dealing with j > 0, using integration by parts, for any 0 ≤ Q ≤ d,
Im = 2
j(2d+2p)(it22j)−Q
2Q∑
k=Q
∑
α1+2α2=k
C(α, k,Q)
∫ +∞
0
eit2
2jϕj,m(x)
H
(α1)
j,z,s,m(x)(ϕ
′′
j,m(x))
α2
(ϕ′j,m(x))
k
dx,
with α = (α1, α2) ∈ {0, 1, · · · , Q} × N.
It follows from (5.3), Lemma 5.1 and (4.5) that
||H(α1)j,z,s,m||∞ . M−(p+1/4), for any 0 ≤ α1 ≤ d. (5.22)
Note that
ϕ′j,m(x) & 1, (5.23)
ϕ′′j,m(x) =
22j
M2
. (5.24)
So (5.3), (5.22), (5.23) and (5.24) imply that, for any 0 ≤ Q ≤ d,
|Im| . 2j(2d+2p)(t22j)−QM−(p+1/4). (5.25)
Interpolating (5.20) and (5.25), we get that for any 0 ≤ θ ≤ d,
|Im| . 2j(2d+2p)(t22j)−θM−(p+1/4).
Let θ = p/2,
|Im| . t−p/22j(2d+p)M−(p+1/4).
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Case 2.
22j |s|
M > 1. We will use the decay property of the Fourier transform of the spherical
measure. It follows from (5.7) that
Im = cp2
j(2d+2p)
∫ +∞
0
e
it22j
(
x+ 2
2j
M2
x2
)(
ei
22j |s|
M
xφ+
(22j |s|
M
x
)
+ e−i
22j |s|
M
xφ−
(22j |s|
M
x
))
hj,z,m(x) dx
= cp2
j(2d+2p)
∫ +∞
0
e
it22j
(
x+ 2
2j
M2
x2+
|δ|
M
x
)
φ+
(22j |s|
M
x
)
hj,z,m(x) dx
+ cp2
j(2d+2p)
∫ +∞
0
e
i t2
2j
M
(
(M−|δ|)x+ 2
2j
M
x2
)
φ−
(22j |s|
M
x
)
hj,z,m(x) dx
=: B+m +B
−
m.
Note from Lemma 4.5 that∣∣∣∣∣ ∂k∂xk
(
φ±
(22j |s|
M
x
))∣∣∣∣∣ ≤ ck(22j |s|M )−
p−1
2 ≤ ck, for any k ≥ 0. (5.26)
Analogous to Case 1, we can get
|B+m| . t−p/22j(2d+p)M−(p/2+1/4).
For B−m, let Φj,m,−(x) = (M −|δ|)x+ 2
2j
M x
2. Note that if
∣∣∣M −|δ|∣∣∣ & 1, we have ∣∣∣Φ′j,m,−(x)∣∣∣ & 1.
Repeating what we have done in Case 1, it follows from (5.3), Lemma 5.1, and (5.26) that
|B−m| . t−p/22j(2d+p)M−(p+1/4).
For
∣∣∣M − |δ|∣∣∣ . 1, we have M ∼ |s|t . According to Lemma 4.3, (5.3) and (5.26), Lemma 4.1
implies
|B−m| . 2j(2d+2p)
(
t24j
M2
)− 1
2 (22j |s|
M
)− p−1
2
M−(p+1)
. 2j(2d+2p)
(
t24j
M2
)− 1
2
(22jt)−
p−1
2 M−(p+1)
. t−p/22j(2d+p−1)M−p.
Combining Case 1 and Case 2, for j ≤ 0 and noting p ≥ 2, the estimate holds
|Im| . t−p/22j(2d+p−1)M−(p/2+1/4).
By summing over m ∈ N the proposition is proved.
From Proposition 5.2, it is easy to obtain our sharp dispersive inequality (see the proof of
Corollary 10 in [7]).
Corollary 5.1 There exists a C > 0, which depends only on d and p, such that for any t ∈ R∗
||eitLu0||L∞(G) ≤ C|t|−p/2||u0||B˙n−1
1,1
.
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Proof of Theorem 1.1: The dispersive inequality in Theorem 1.1 is a direct consequence
of Corollary 5.1. It suffices to show the sharpness of the time decay. Let Q ∈ C∞0 (D0) with
Q(d) = 1, where D0 is a small neighborhood of d such that 0 6∈ D0. Then
uˆ0(λ,m) =
{
Q(|λ|), m = 0
0, m 6= 0
determines a solution of the Cauchy problem (1.1) with f = 0,
u((z, s), t) = eitLu0 = C
∫
Rp
e−iλ·s+it(d|λ|+|λ|
2)−|λ||z|2/4Q(|λ|)|λ|d dλ.
Consider u((0, ts0), t) for a fixed s0 such that |s0| = 3d.
u((0, ts0), t) = C
∫
Rp
eit(d|λ|+|λ|
2−λ·s0)Q(|λ|)|λ|d dλ.
This oscillating integral has a phase function φ(λ) := d|λ| + |λ|2 − λ · s0 with a unique critical
point λ0 =
s0
3 which is not degenerate. Indeed, the Hessian is equal to
H(λ) =
1
|λ|
(
(2|λ|+ d)δk,l − λkλl|λ|2 d
)
1≤k,l≤p
.
Let s0 = (0, · · · , 0, 3d), so λ0 = s03 = (0, · · · , 0, d). The Hessian at λ0 is
H(λ0) =

3
. . .
3
2
 .
Applying Lemma 4.2, we get
u((0, ts0), t) ∼ |t|−p/2.
6 Strichartz estimates
We are now to prove our Strichartz estimates.
Theorem 6.1 For i = 1, 2, let qi, ri ∈ [2,∞] and ρi ∈ R such that
a)
2
qi
= p(
1
2
− 1
ri
);
b) ρi = −(n− 1)(1
2
− 1
ri
),
except for (qi, ri, p) = (2,∞, 2). Then the following estimates are satisfied:
||eitLu0||Lq1 (R,B˙ρ1r1,2) ≤ C||u0||L2(G),
||
∫ t
0
ei(t−τ)L)f(τ) dτ ||Lq1 ((0,T ),B˙ρ1r1,2) ≤ C||f ||Lq2′ ((0,T ),B˙−ρ2r2′,2)
where the constant C > 0 does not depend on u0, f or T .
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Once we have obtained the estimate in Proposition 5.2, the proof is classical and a good
reference is [9] or [14]. A detailed presentation in this framework is also given by [7] in the proof
of Theorem 11 .
Going back to the Schro¨dinger equation (1.1), Theorem 1.2 is straightforward from Theorem
6.1.
Remark 6.1 We compare the results by G. Furioli and A. Veneruso [7]. Theorem 1.1 and
Theorem 1.2, which are general results on H-type groups with the center dimension p ≥ 2, are
also compatible with those on the Heisenberg group. Hence, the results in our paper apply to all
the H-type groups.
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